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It has been known since the 1930s that living organisms obey a variety of
scaling laws involving quarter powers. For example, the metabolic rate of
organisms of mass M is generally proportional to M 3/4 and the heart-rate
scales as M −1/4 . On purely (Euclidean) geometric grounds one would expect
one-third powers. It was only 20 years ago that an explanation for the
quarter-power laws was found: the key to this was the fact that all organisms
have a space-filling fractal distribution network. Organism metabolic rates scale
sublinearly and consequently show sigmoidal growth and attain a finite size.
Certain systems based on social networks, however, scale superlinearly which
results in a finite-time singularity in their growth.
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Complex systems
Interviewer: It has been said that the 20th century was the century of physics and
that the 21st will be the century of biology. Do you agree?
Hawking: I think it will be the century of complexity.
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Outline

• Fractals
• Scaling laws and growth of organisms
• Scaling laws and growth in cities
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Fractals
Magnifying a point, line, or plane we get same thing. We say that such objects are
self-similar. Contrast this with a curved line – if we magnify it, it does not look the
same. There are some other shapes that are self-similar:

The shape on the left is exactly self-similar – it contains small copies of itself. The
computer generated coastline on the right is statistically self-similar – it has the
same amount of roughness when magnified.
A fractal is something that is self-similar but not a point, or straight line, etc.

5

Fractals in nature
Fractals have been known about by mathematicians for over a 100 years, but it is
only in the last 40 years that people realized they can be used to describe many
natural objects.

Natural fractals are only self-similar over a limited range of scales, but the concept is
still useful.
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The simplicity of fractals
Mandelbrot said of complicated objects in nature: “Instead of thinking about what
you see, think about how to construct what you see - this is where the simplicity lies”

• Pascal’s triangle
• Wolfram’s simple 1-D cellular automata (Rule 90, etc)
• iterated function systems
• some of the first multicellular life on Earth was fractal-like
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Fractal dimension
Box-counting dimension d:

N = A/sd where N is #boxes of size s needed to

cover object.
For exactly self-similar fractals, the fractal dimension (similarity dimension) is the
real solution d to
N
X

sdi = 1

i=1

where N is the number of smaller copies and si
of original).
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= (diameter of ith copy)/(diameter

Scaling laws in biology

M is mass of organism
• metabolic rate, B = B0 M 3/4
The constant of proportionality depends on the class of organism (e.g., mammals)

[from WWB02]

• diameter of aorta or tree trunk ∝ M 3/8
• heartbeat rate ∝ M −1/4
• life-span ∝ M 1/4
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Some predicted and measured exponents (cardiovascular)

[from WBE97]
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Some predicted and measured exponents (lung)

[from WBE97]
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Selection pressure on metabolic rate
Generally, organisms have been selected to maximize rate of taking up
energy/resources from the environment, i.e., maximize metabolic rate B for a given
size of organism.

B∝a
where a is the total area across which nutrients and energy are exchanged, e.g.,
total leaf area in plants, total capillary surface area in animals.
Thus organisms have also been selected to maximize a, subject to other constraints
such as the overall size of the organism.
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Scaling of area A and volume V in Euclidean geometry
The ‘biological exchange’ area a is not the skin area A of the animal which scales in
a familiar way:
The surface area is some function of various lengths L1 , L2 , . . . :

A = A(L1 , L2 , . . .) = L21 Φ(L2 /L1 , . . .)
If we scale all the lengths by Λ (i.e.

L01 = ΛL1 , etc), the new surface area A0 is

given by

A0 = A(ΛL1 , ΛL2 , . . .) = Λ2 L21 Φ(L2 /L1 , . . .) = Λ2 A
Similarly, for the volume V :

V 0 = Λ3 V
∝ V 2/3 and so if the density is assumed to remain the same with
increasing size of organism, A ∝ M 2/3 .
Thus A
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Assumptions

• the body of the organism is supplied with the resources it needs via a fractal-like
branching tree network

• the size (characteristic length l0 ) of the end branches of this network are
independent of the type of organism [e.g., capillaries in mammals or the finest
leaf veins in plants]

• the energy needed to distribute the resources is minimized
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Scaling of exchange area a and associated volume v
The exchange area is some function of various lengths l0 , l1 , l2 , . . . :

a = a(l0 , l1 , l2 , . . .) = l12 φ(l0 /l1 , l2 /l1 , . . .)
The smallest of the lengths, l0 , is invariant. Thus when we scale the lengths by λ,
the l0 remains unchanged:

a0 = a(l0 , λl1 , λl2 , . . .) = λ2 l12 φ(l0 /λl1 , l2 /l1 , . . .) 6= λ2 a
Instead,

a0 = λ2+εa l12 φ(l0 /l1 , l2 /l1 , . . .) = λ2+εa a
2 + εa is the fractal dimension of the exchange surface which is at most 3.
Similarly, v 0

= λ3+εv v and l0 = λ1+εl l where 1 + εl is the fractal dimension of
the capillary (for example). Since v = al (and so v 0 = a0 l0 ), εv = εa + εl .
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Consequences
Thus

a ∝ v (2+εa )/(3+εa +εl ) ∝ M (2+εa )/(3+εa +εl )
which is maximized by choosing εa

= 1 and εl = 0.

Hence

B ∝ a ∝ M 3/4
This also means that the number of smallest units (things of size l0 , e.g. capillaries)
is proportional to M 3/4 .
Since εl

= 0, the fractal dimension of the supply lines is 1 - i.e. they are direct,

minimum distance paths, as you would expect in order to maximize the speed of
transmission of resources.
WBE99: “Fractal geometry has literally given life an extra dimension”
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Branching
The network has c branchings from level 0 (aorta/trunk) to level c (the narrowest
capillaries). A level-k branch has radius rk . The number of branches at the end of a
level-(k − 1) tube is nk . Hence if n0 is the number of level-0 branches, the number

Qk

ni . The end unit radius rc is
independent of body size. From before, we have Nc ∝ B ∝ M 3/4 .
of level-k branches is given by Nk

Let βk

=

i=0

≡ rk+1 /rk . For a fractal-like structure, nk = n, a constant. For rigid

tubes, the sum of the cross-sectional areas remains constant on branching. Thus
2
πrk2 = nπrk+1
and so βk = 1/n1/2 = β .

The aorta/trunk radius,

r0 = β −c rc = nc/2 rc = Nc1/2 rc ∝ M 3/8
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Growth
Conservation of energy:

B = Nc Bc + Ec

dNc
dt

Nc : number of cells; Bc : mean metabolic rate of a cell; Ec : energy needed to
create a cell. If m = mc Nc is the total body mass, using B = B0 m3/4 gives




1/4
dm
Mc B0 3/4 Bc
Mc B0 3/4
m
=
m −
m=
m
1−
dt
Ec
Ec
Ec
M
where M

= B0 mc /Bc is the maximum mass of the organism (which it

approaches asymptotically via a sigmoidal growth curve):

 m 1/4
M


 m 1/4 
0
−B0 mc t/4Ec M 1/4
=1− 1−
e
M

m0 = m(0) is mass at birth (t = 0)
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Scaling laws in cities
For some quantities Y such as as wages and creativity in cities with population N ,
the data suggests that

Y = Y0 N β
with β

> 1 (i.e. superlinear as opposed to the sublinear economies of scale seen in

biological systems).
Quantities relating to individual usage of utilities (e.g. household electricty or water
usage) show β

= 1 (in direct proportion to the population size).

Quantities related to infrastructure (e.g. number of petrol stations) have β
(economy of scale).
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<1

Real data for Y

= Y0 N β

[from BLW08]
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A general growth model
Conservation of resources (e.g., money, energy, knowledge):

dN
R = N Ri + Ei
dt
R: total rate of resource usage; Ri : rate of resource usage to maintain an
individual; N : no. of individuals; Ei : resources needed to create individual
If R

= R0 N β ,


dN
R0
R
i
=
Nβ −
N
dt
Ei
R0

Solution (when β

6= 1):

N 1−β



R0
R0
=
+ N 1−β (0) −
e −Ri (1−β)t/Ei
Ri
Ri

β < 1: sigmoidal growth up to Nc = (Ri /R0 )1/(1−β) ; β = 1: exponential
growth
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β>1
N β−1 =

1


R0
R0
+ N 1−β (0) −
Ri
Ri

If N (0)



e Ri (β−1)t/Ei

< Nc , unbounded growth to a singularity in a finite time ts :


1−β
Ei
Ri N
(0)
Ei
ts = −
ln 1 −
'
N 1−β (0)
Ri (β − 1)
R0
(β − 1)R0
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Consequences

• The singularities are not seen in practice.
• Instead, some innovation must take place (such as a new form of energy
production) which causes the parameters to change and/or people to leave the
city (e.g., due to a huge increase in crime, as happened in New York).

• The system then follows a new path towards the next singularity.
• If the city keeps growing, the time between singularities decreases – hence the
accelerating pace of modern life.
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